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In this paper, we will consider a half-space ﬁlled with an elastic material, which has constant elastic parameters. The
governing equations are taken in the context of the two-temperature generalized thermoelasticity theory [Youssef, H.,
2005a. The dependence of the modulus of elasticity and the thermal conductivity on the reference temperature in general-
ized thermoelasticity for an inﬁnite material with a spherical cavity, J. Appl. Math. Mech., 26(4), 4827; Youssef, H., 2005b.
Theory of two-temperature generalized thermoelasticity, IMA J. Appl. Math., 1–8]. The medium is assumed initially qui-
escent. Laplace transform and state space techniques are used to obtain the general solution for any set of boundary con-
ditions. The general solution obtained is applied to a speciﬁc problem of a half-space subjected to thermal shock and
traction free. The inverse Laplace transforms are computed numerically using a method based on Fourier expansion tech-
niques. Some comparisons have been shown in ﬁgures to estimate the eﬀect of the two-temperature parameter.
 2006 Elsevier Ltd. All rights reserved.
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Because of the advancement of pulsed lasers, fast burst nuclear reactors and particle accelerators, etc.,
which can supply heat pulses with a very fast time-rise Bargmann (1974), Anisimov et al. (1974), Boley
(1980), Qiu and Tien (1993), Tzou (1997), Chen et al. (2004), Naotak et al. (2003); generalized thermoelasticity
theory is receiving serious attention of diﬀerent researchers. The development of the second sound eﬀect has
been reviewed by Chandrasekhariah (1986). Now, mainly two diﬀerent models of generalized thermoelasticity
are being extensively used-one proposed by Lord and Shulman (1967) and the other proposed by Green and
Lindsay (1972). The L–S theory suggests one relaxation time and according to this theory, only Fourier’s heat
conduction equation is modiﬁed; while G–L theory suggests two relaxation times and both the energy equa-
tion and the equation of motion are modiﬁed. A method for solving coupled thermoelastic problems by using0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.06.035
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Nomenclature
k, l Lame’s constants
q density
CE speciﬁc heat at constant strain
t time
T temperature
T0 reference temperature
aT coeﬃcient of linear thermal expansion
c =aT(3k + 2l)
rij components of stress tensor
eij components of strain tensor
ui components of displacement vector
K thermal conductivity
s0 relaxation times
c0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
kþ2l
q
q
longitudinal wave speed
g ¼ qCEK the thermal viscosity
e ¼ cqcE dimensionless thermoelastic coupling constant
a a > 0 two-temperature parameter
b ¼ ac20g2 dimensionless two-temperature parameter
a ¼ cT 0kþ2l dimensionless mechanical coupling constant
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studied longitudinal wave propagation in an inﬁnite circular cylinder, which is assumed to be made of the gen-
eralized thermoelastic material, and thereby obtained the dispersion relation when the surface temperature of
the cylinder was kept constant. Generalized thermoelasticity problems for an inﬁnite body with a circular
cylindrical hole and for an inﬁnite solid cylinder were solved respectively by Furukawa et al. (1990). A prob-
lem of generalized thermoelasticity was solved by Sherief (1993) by adopting the state-space approach.
Chandrasekaraiah and Murthy (1993) studied thermoelastic interactions in an isotropic homogeneous
unbounded linear thermoelastic body with a spherical cavity, in which the ﬁeld equations were taken in uniﬁed
forms covering the coupled, L–S and G–L models of thermoelasticity. The eﬀects of mechanical and thermal
relaxations in a heated viscoelastic medium containing a cylindrical hole were studied by Misra et al. (1987).
Investigations concerning interactions between magnetic and thermal ﬁelds in deformable bodies were carried
out by Maugin (1988) as well as by Eringen and Maugin (1989). Subsequently Abd-Alla and Maugin (1990)
conducted a generalized theoretical study by considering the mechanical, thermal and magnetic ﬁeld in centro-
symmetric magnetizable elastic solids.
Within the theoretical contributions to the subject are the proofs of uniqueness theorems under diﬀerent
conditions by Ignaczak (1979, 1982) and by Sherief (1987). The state space formulation for problems not con-
taining heat sources was done by Anwar and Sherief (1988a) and the boundary element formulation was done
by Anwar and Sherief (1988b). Some concrete problems have also been solved. The fundamental solutions for
the spherically symmetric spaces were obtained by Sherief (1986). Sherief and Anwar (1986, 1994) have solved
some two dimensional problems, while Sherief and Hamza (1994) have solved some two dimensional problems
and studied the wave propagation in this theory. El-Maghraby and Youssef (2004) used the state space
approach to solve a thermomechanical shock problem. Sherief and Youssef (2004) get the short time solution
for a problem in magnetothermoelasticity. Youssef (2005) constructed a model of the dependence of the mod-
ulus of elasticity and the thermal conductivity on the reference temperature and solved a problem of an inﬁnite
material with a spherical cavity.
Chen and Gurtin (1968), Chen et al. (1968, 1969) have formulated a theory of heat conduction in deform-
able bodies, which depends upon two distinct temperatures, the conductive temperature / and the thermo-
dynamic temperature T. For time independent situations, the diﬀerence between these two temperatures is
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Chen et al. (1968). For time dependent problems, however, and for wave propagation problems in particular,
the two temperatures are in general diﬀerent regardless of the presence of a heat supply. The two temperatures
T, / and the strain are found to have representations in the form of a traveling wave plus a response, which
occurs instantaneously throughout the body Boley and Tolins (1962).
Warren and Chen (1973) investigated the wave propagation in the two-temperature theory of thermoelas-
ticity, but Youssef (2005) investigated this theory in the context of the generalized theory of thermoelasticity.
In this work, we will consider a half-space ﬁlled with an elastic material, which has constant elastic param-
eters. The governing equations will be written in the context of the two-temperature generalized thermoelas-
ticity theory. Laplace transforms and state-space techniques will be used to obtain the general solution for any
set of boundary conditions. The obtained general solution will be applied to a half-space subjected to a ther-
mal shock and the bounding plane is traction free. The inverse Laplace transforms will be computed numer-
ically by using a method based on Fourier expansion techniques.
2. Formulation of the problem
The heat conduction equation takes the form Youssef (2005);Ku;ii ¼
o
ot
þ s0 o
2
ot2
 
qcET þ cT 0eð Þ: ð1ÞThe constitutive equation takes the formrij ¼ 2leij þ kekkdij  cTdij: ð2Þ
The equation of motion without body force takes the formrij;j ¼ q€ui: ð3Þ
The relation between the heat conduction and the dynamical heat takes the formu T ¼ au;ii; ð4Þ
where a > 0 two-temperature parameter, Youssef (2005).
Now, we will suppose elastic and homogenous half-space xP 0 which obey Eqs. (1)–(4) and initially qui-
escent where all the state functions are depend only on the dimension x and the time t.
The displacement components for one dimension medium have the formux ¼ uðx; tÞ; uy ¼ uz ¼ 0: ð5Þ
The strain component takes the forme ¼ exx ¼ ouox : ð6ÞThe heat conduction equation takes the formK
o2u
ox2
¼ o
ot
þ s0 o
2
ot2
 
ðqcET þ cT 0eÞ: ð7ÞThe constitutive equation takes the formr ¼ rxx ¼ ð2lþ kÞe cT : ð8Þ
The equation of motion takes the formor
ox
¼ q€u; ð9Þwhich could be written as follows:o2r
ox2
¼ q€e: ð10Þ
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2u
ox2
: ð11ÞFor simplicity, we will use the following non-dimensional variables (Sherief and Youssef, 2004):x0 ¼ c0gx; i0 ¼ c20gi; s00 ¼ c20gs0; h0 ¼
T  T 0
T 0
; u0 ¼ u T 0
T 0
; r0 ¼ r
2lþ k :wherec20 ¼
2lþ k
q
 
and g ¼ qCE
K
:Hence, we haveo2u
ox2
¼ o
ot
þ s0 o
2
ot2
 
ðhþ eeÞ; ð12Þ
r ¼ e ah; ð13Þ
o2r
ox2
¼ €e; ð14Þ
u h ¼ b o
2u
ox2
; ð15Þwhere e ¼ cqcE, a ¼
cT 0
kþ2l and b ¼ ac20g2.
Taking the Laplace transform for the both sides of the Eqs. (12)–(15), this is deﬁned as follows:f ðsÞ ¼
Z 1
0
f ðtÞestdt;we obtaino2u
ox2
¼ ðsþ s0s2Þhþ ðsþ s0s2Þee; ð16Þ
r ¼ e ah; ð17Þ
o2r
ox2
¼ s2e; ð18Þ
u h ¼ b o
2u
ox2
; ð19Þwhere all the initial state functions are equal to zero.
Eliminating e and h from Eqs. (16)–(19), we obtaino2u
ox2
¼ L1uþ L2r; ð20ÞwhereL1 ¼ sþ s0s
2ð Þð1þ eaÞ
1þ b sþ s0s2ð Þð1þ eaÞ½  ; L2 ¼
e sþ s0s2ð Þ
1þ b sþ s0s2ð Þ 1þ eað Þ½  ;ando2r
ox2
¼ M1uþM2r; ð21ÞwhereM1 ¼ as2ð1 bL1Þ; M2 ¼ s2ð1 abL2Þ:
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x-direction, then Eqs. (20) and (21) can be written in matrix form as follows:d2V ðx; sÞ
dx2
¼ AðsÞV ðx; sÞ; ð22Þ
whereV ðx; sÞ ¼ uðx; sÞ
rðx; sÞ
 
and AðsÞ ¼ L1 L2
M1 M2
 
:The formal solution of system (22) can be written in the formV ðx; sÞ ¼ exp 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðsÞ
p
x
h i
V ð0; sÞ; ð23ÞwhereV ð0; sÞ ¼ uð0; sÞ
rð0; sÞ
 
¼ u0
r0
 
:Where for bounded solution with large x, we have canceled the part of the exponential that has a positive
power.
We will use the well-known Cayley–Hamilton theorem to ﬁnd the form of the matrix exp  ﬃﬃﬃﬃﬃﬃﬃﬃﬃAðsÞp x . The
characteristic equation of the matrix A(s) can be written as follows:k2  kðL1 þM2Þ þ ðL1M2  L2M1Þ ¼ 0; ð24Þ
the roots of this equation, namely, k1 and k2, satisfy the following relations:k1 þ k2 ¼ L1 þM2; ð25Þ
k1k2 ¼ L1M2  L2M1: ð26ÞThe Taylor series expansion for the matrix exponential in Eq. (23) is given byexp½AðsÞx ¼
X1
n¼0
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃAðsÞp x n
n!
: ð27ÞUsing Cayley–Hamelton theorem, we can express A2 and higher orders of the matrix A in terms of I, A,
where I is the unit matrix of second order.
Thus, the inﬁnite series in Eq. (27) can be reduced to the following form:exp 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðsÞ
p
x
h i
¼ a0ðx; sÞI þ a1ðx; sÞAðsÞ: ð28Þwhere a0 and a1 are coeﬃcients depending on s and x.
By Cayley–Hamilton theorem, the characteristic roots k1 and k2 of the matrix A must satisfy Eq. (28), thus
we haveexp 
ﬃﬃﬃﬃ
k1
p
x
	 

¼ a0 þ a1k1; ð29Þandexp 
ﬃﬃﬃﬃ
k2
p
x
	 

¼ a0 þ a1k2: ð30ÞBy solving the above linear system of equations, we geta0 ¼ k1e

ﬃﬃﬃ
k2
p
x  k2e
ﬃﬃﬃ
k1
p
x
k1  k2 ; ð31Þanda1 ¼ e

ﬃﬃﬃ
k1
p
x  e
ﬃﬃﬃ
k2
p
x
k1  k2 : ð32Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðsÞ
p
x
h i
¼ Lijðx; sÞ; i; j ¼ 1; 2; ð33ÞwhereL11 ¼ e

ﬃﬃﬃ
k2
p
xðk1  L1Þ  e
ﬃﬃﬃ
k1
p
xðk2  L1Þ
k1  k2 ; L12 ¼
L2 e
ﬃﬃﬃ
k1
p
x  e
ﬃﬃﬃ
k2
p
x
	 

k1  k2 ;
L22 ¼ e

ﬃﬃﬃ
k1
p
xðk2 M2Þ  e
ﬃﬃﬃ
k2
p
xðk1 M2Þ
k2  k1 ; L21 ¼
M1 e
ﬃﬃﬃ
k1
p
x  e
ﬃﬃﬃ
k2
p
x
	 

k1  k2 :We can write the solution in Eq. (23) in the following formV ðx; sÞ ¼ LijV ð0; sÞ: ð34ÞHence, we obtainu ¼ ðk1u0  L1u0  L2r0Þe

ﬃﬃﬃ
k2
p
x  ðk2u0  L1u0  L2r0Þe
ﬃﬃﬃ
k1
p
x
k1  k2 ; ð35Þ
r ¼ ðk1r0 M1u0 M2r0Þe

ﬃﬃﬃ
k2
p
x  ðk2r0 M1u0 M2r0Þe
ﬃﬃﬃ
k1
p
x
k1  k2 : ð36ÞBy using Eqs. (35) and (36) with Eq. (19), we geth ¼ ðk1u0  L1u0  L2r0Þð1 bk2Þe

ﬃﬃﬃ
k2
p
x  ðk2u0  L1u0  L2r0Þð1 bk1Þe
ﬃﬃﬃ
k1
p
x
k1  k2 : ð37ÞNow, we will use the boundary conditions on the boundary plane x = 0 which is given by the following
forms.
(1) Thermal boundary condition:
We will suppose that, the boundary plane x = 0 is subjected to a thermal shock as follows:uð0; tÞ ¼ u0 ¼ u0HðtÞ;where H(t) is called the Heavyside unite step function and u0 is constant.
By using Laplace transform as we deﬁned before, we getuð0; sÞ ¼ u0 ¼ u0s : ð38Þ(2) Mechanical boundary condition:
We will consider that the boundary plane x = 0 is traction free, so we haverð0; tÞ ¼ r0 ¼ 0;the above equation gives after using Laplace transform the following equation:rð0; tÞ ¼ r0 ¼ 0: ð39Þ
Hence, we can use the conditions on (38) and (39) into Eqs. (35)–(37) to get the solution in the following
forms:
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u0 ðk1  L1Þe
ﬃﬃﬃ
k2
p
x  ðk2  L1Þe
ﬃﬃﬃ
k1
p
x
h i
sðk1  k2Þ ; ð40Þ
r ¼
u0M1 e

ﬃﬃﬃ
k1
p
x  e
ﬃﬃﬃ
k2
p
x
	 

sðk1  k2Þ ; ð41Þ
h ¼
u0 ðk1  L1Þð1 bk2Þe
ﬃﬃﬃ
k2
p
x  ðk2  L1Þð1 bk1Þe
ﬃﬃﬃ
k1
p
x
h i
sðk1  k2Þ ; ð42Þ
e ¼
u0 ½aðk1  L1Þð1 bk2Þ M1e
ﬃﬃﬃ
k2
p
x  ½aðk2  L1Þð1 bk1Þ M1e
ﬃﬃﬃ
k1
p
x
h i
sðk1  k2Þ : ð43ÞFrom Eq. (9) and by using non-dimensional variables and Laplace transforms, we obtain the displacement in
the following form:u ¼ 1
s2
or
ox
: ð44ÞSubstituting from Eq. (41) into Eq. (44), we getu ¼
u0M1
ﬃﬃﬃﬃ
k1
p
e
ﬃﬃﬃ
k1
p
x  ﬃﬃﬃﬃk2p e ﬃﬃﬃk2p x	 

s3ðk1  k2Þ : ð45ÞThose complete the solution in the Laplace transform domain.
3. Numerical inversion of the Laplace transforms
In order to invert the Laplace transforms, we adopt a numerical inversion method based on a Fourier series
expansion Hanig and Hirdes (1984).
By this method the inverse f(t) of the Laplace transform f ðsÞ is approximated byf ðtÞ ¼ e
ct
t1
1
2
f ðcÞ þ R1
XN
k¼1
f cþ ikP
t1
 
exp
ikPt
t1
 " #
; 0 < t1 < 2t;where N is a suﬃciently large integer representing the number of terms in the truncated Fourier series, chosen
such thatexpðctÞR1 f cþ iNP
t1
 
exp
iNPt
t1
  
6 e1;where e1 is a prescribed small positive number that corresponds to the degree of accuracy required. The
parameter c is a positive free parameter that must be greater than the real part of all the singularities of
f ðsÞ. The optimal choice of c was obtained according to the criteria described in Hanig and Hirdes (1984).
4. Numerical results and discussion
The copper material was chosen for purposes of numerical evaluations and the constants of the problem
were taken as following Sherief and Youssef (2004): K = 386 N/K s, aT = 1.78(10)
5 K1, CE = 383.1 m
2/K,
g = 8886.73 m/s2, l = 3.86(10)10 N/m2, k = 7.76(10)10 N/m2, q = 8954 kg/m3, q = 8954 kg/m3, s0 = 0.02 s,
T0 = 293 K, e = 0.0168, a = 0.0104, b = 0.1.
The computations were carried out for t = 0.1 and t = 0.2. The temperature, the stress, the displacement
and the strain distributions are represented graphically at diﬀerent positions of x and time t.
Fig. 1 exhibit the space variation of conductive temperature in which we observe the following:
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Fig. 1. The conductive heat distribution.
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temperature parameter b where the case of b = 0 indicates the old situation (one type temperature) and
the case of b = 0.1 indicates the new case (two-temperature).
(2) In the case of t = 0.1 the conductive temperature wave vanishes at point x = 0.71 when b = 0.0 and not
vanishes when b = 0.1.
Fig. 2 exhibit the space variation of thermo-dynamical temperature in which we observe the following:
(1) Signiﬁcant diﬀerence in the thermo-dynamical temperature is noticed for diﬀerent value of the non-
dimensional two-temperature parameter.
(2) In the case of t = 0.1 the thermo-dynamical temperature vanishes at point x = 0.71 when b = 0.0 and not
vanishes when b = 0.1.0
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Fig. 2. The thermo-dynamical heat distribution.
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Fig. 1.
(4) The start point of the curves when x = 0 not equal to the value of the thermal shock on the boundary
x = 0 that indicates the diﬀerence between the two type of the temperature.
Fig. 3 exhibit the space variation of stress in which we observe the following:
(1) Signiﬁcant diﬀerence in the stress is noticed for diﬀerent value of the non-dimensional two-temperature
parameter.
(2) In the case of t = 0.1 the stress vanishes at point x = 0.71 when b = 0.0, and not vanishes when b = 0.1.
(3) In the case of b = 0.0 the two curves for t = 0.1 and t = 0.2 are discontinuous at x = 0.09 and x = 0.19,
respectively, and no one has any explanation for that, while the curves in the case b = 0.1 are continuous
and smooth which make the situation is clear and more realistic.
(4) The absolute value of the maximum stress decreases when b = 0.1 and increases when b = 0.0.
Fig. 4 exhibit the space variation of displacement in which we observe the following:-0.01
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Fig. 3. The stress distribution.
0
0.2
0.4
0.6
0.8
1
1.2
1.4
0 0.2 0.4 0.6 0.8 1.2
x
u 10-4
       = 0.0
       = 0.1
t = 0.1
t = 0.2
β
β
1
Fig. 4. The displacement distribution.
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perature parameter.
(2) In the case of t = 0.1 the displacement vanishes at point x = 0.71 when b = 0.0 and not vanishes when
b = 0.1.
(3) The value of the maximum displacement decreases when b = 0.1 and increases when b = 0.0.
Fig. 5 exhibit the space variation of strain in which we observe the following:
(1) Signiﬁcant diﬀerence in the strain is noticed for diﬀerent value of the non-dimensional two-temperature
parameter.
(2) The curves are smoother in the case of b = 0.1 than in the case of b = 0.0.
Figs. 6–10 exhibit the space variation of all the ﬁelds at constant x = 0.2 with diﬀerent values of time t
in which we observe signiﬁcant diﬀerence for diﬀerent value of the non-dimensional two-temperature
parameter.0
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Fig. 6. The conductive heat distribution at x = 0.2.
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Fig. 5. The strain distribution.
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Fig. 7. The thermo-dynamical heat distribution at x = 0.2.
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Fig. 8. The stress distribution at x = 0.2.
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Fig. 9. The displacement distribution at x = 0.2.
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Fig. 10. The strain distribution at x = 0.2.
H.M. Youssef, E.A. Al-Lehaibi / International Journal of Solids and Structures 44 (2007) 1550–1562 15615. Conclusion
Previously, the discontinuity of the stress function was a critical situation and no one explained the reason
physically, while in the context of the theory of two-temperature, the stress function is continuous. This paper
indicates that, the theory of two-temperature generalize thermoelasticity describes the behavior of the particles
of the elastic body more real than the theory of one-temperature generalized thermoelasticity. We think that,
we have to separate between the conductive heat wave and the thermo-dynamical heat wave.
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